DEGREE COMPLEXITY OF A FAMILY OF BIRATIONAL 
MAPS: II. EXCEPTIONAL CASES 
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Abstract. We compute the degree complexity of the family of birational 
maps considered in [2] for all exceptional cases. Some interesting properties of 
the family are also given. 



1. Introduction 



We continue the work of [2] where we considered a family kp of birational maps 
of the plane determined by a choice of polynomial F(w) = ay + a\w + . . . + a n w n 
r"| , (the definition of the family kp will be recalled in Section 2). In [2] we determined 

^ ' the degree complexity S(kp) in the generic case. If S(kp) is less than the generic 

value, then we say that F is exceptional. (The set of exceptional parameters is 
a nowhere dense algebraic subset.) This corresponds to cases of degree reduction 
which are especially interesting because they correspond to the maps that have 
special symmetries. 

• As seen in [2J, there is a fundamental difference between the cases where n, the 

| degree of F, is even or odd. 

■ The complexity degree 5(kp) in the case n is even is given by 

O ■ 

Theorem 1. Suppose that n = deg(F) is even. 
^ • Case 1: If ao ^ for all integers m > then S(kp) is the largest root of 

00 \ x 2 - (n+ l)x - 1. 

■ Case 2: If Oq = 1 _~ m for some integer m > then 5(kp) is the largest real root 



of the polynomial x 2m+1 (x 2 — (n + l)x — 1) 



.r 
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■ The complexity degree 5(kp) in the case n is odd is given by 

' Theorem 2. Suppose that n = deg(F) > 3 is odd. Let linear functions Lj : 

C n+i c or o < j < n ) be defined as in ifP]) 

Lj(a ,ai, ■ ■ -,a n ) = -(a n -j + a n -j+i) - [—a n (^j + a„_i (j - l^j + ... + (-l) J+1 a„_ :) ^ 0^ 
where 



j\{n-j)\ 

with n\ = n(n — 1) ... 2.1 the factorial of n. 



Date: February 2, 2008. 

2000 Mathematics Subject Classification. 37F10. 

Key words and phrases. Birational maps, Degree complexity. 

The author would like to thank Professor Bedford for his helpful suggestions. 



1 



2 



TUYEN TRUNG TRUONG 



Let < h < n — 2 be the largest integer in [0, n — 2] for which 

Lj(a , oi, . . . , a„) = 

/or a/Z < j < ft,. 

Case 1: h < n — 2, and ao ^ 2/(1 + to) /or aZ/ integers in > 0. TTien 5(kp) is 
the largest real root of the polynomial x 3 — nx 2 — (n + 1 — h)x — 1. 

Case h < n — 2, and ao = 2/(1 + to) for some integer to > 0. TTien 5(kp) is 
the largest real root of the polynomial x 2rn+1 (x 3 — nx 2 — (n — h + l)x — 1) + x 3 + 
x 2 + nx + n — h — 1 . 

Case 3: h — n — 2, and ao 7^ 2/(1 + m) for all integers to > 0, and ao 7^ 
+ 2 (i+;) /or a/Z integers I > 0. TTien 8 (hp) is the largest real root of the 
polynomial x 3 — nx 2 —2x — l. 

Case 4 : h = n — 2, and ao = 2/(1 + m) for some integer to > 0, and ao 7^ 
+ 2 (i+;) for all integers I > 0. TTien 8 (hp) is the largest real root of the 
polynomial x 2m (x 3 — nx 2 — 2x — 1) + x 2 + x + n. 

Case 5: h = n — 2, and ao =/= 2/(1 + m) for all integers m > 0, and ao = 
2(i+;) ^ or some integer I > 0. JTien S(kp) is the largest real root of the 
polynomial x 2l+2 (x 3 — nx 2 — 2x — 1) + nx 2 + x + 1. 

Case 6: h = n — 2, and ao = 2/(1 + m) for some integer to > 0, and ao = 
^~2T 2(1+0 ^ or some i n ^ e 9 er I ^ 0- TTien n = 3, a = 2, and the map kp is exactly 
the family considered in Section 5in ||. Hence in this case <5(fcp) = 1. 

There arc two interesting phenomena which occur to the maps kp: 

1. The first phenomenon, which occurs when n > 3 is odd, is what we call 
" double point-blowups" . This means that in Theorem O if h < n — 2 then h is 
an even number, while if h — n — 2 then L„_i(ao, . . . , a„) = 0. We will give an 
example exploring the case n = 3 in Section[5]to illustrate this phenomenon. This is 
a consequence of the results about a system of linear equations that we will explore 
in Section [5] 

2. The other phenomenon is that there is no automorphism if n = deg(F) is 
different from 1 or 3. This is also a sequence of the results about a system of linear 
equations that we mentioned above. The exact formulation of this phenomenon is 

Theorem 3. Let n = deg(F). If n 7^ 1 and n 7^ 3 then there is no space Z which 
satisfies the following two conditions: 

1) Z is constructed from P 2 by a finite number of point blowing-ups. 

2) The induced map kz '■ Z — > Z is an automorphism. 

If n = 3 then a space Z with properties 1 ) and 2) exists iff F{z) = a^z 3 + a^z 2 + 
a\z + 2. 

Proof. We consider three cases: 

Case 1: n = deg(F) is even. Then from the proof of Theorem [TJ it follows that 
we can not resolve the point £ P„_ 1, which is the image of some exceptional 
curves, to obtain an automorphism. 

Case 2: n = deg(F) > 5 is odd. Then it follows from the proof of Theorcm|H we 
can have an automorphism iff simultaneously ao = m ^_ 1 for some to = 0, 1, 2, . . ., 

and a = + 2 (i+i) f° r some I = 0, 1, 2, If a = then obviously a < 2, 

while if ao = + gn^pil anc ^ n > h then ao > 3. Hence in this case we do not 
have an automorphism. 
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Case 3: n = deg(F) = 3. Then use Lemma H we have that a space Z with 
properties 1) and 2) in the statement of Theorem [3] exists iff F{z) = a^z 3 + a^z 2 + 
aiz + 2. □ 

Theorem [3] shows that the family kp corresponding with the maps F(z) = az 3 + 
az 2 + 6 + 2 (with a / 0) as described in Section 5 in [5] is the only family of 
automorphism in the whole family kp, besides the case n = deg(F) = 1 which was 
known previously (see [3] and [1]). 

2. Properties of &f 
We review in this Section some results in [2]. 

Let P 2 be the complex projective space of dimension 2, with coordinate [xq ■ x\ : 
x 2 \. Given a polynomial of degree n 

F(z) = a n z n + a n - 1 z n ' 1 + . . . + a\z + a Q 

where a n ^ 0, we define a birational map k = kp : P 2 — > P 2 (see [2]) by the formula 
k F = ]f ° i where jf and i are involutions defined in the open Zariski dense set C 2 
of P 2 by 

x — 1 y 
j F (x,y) = {-x + F{y),y), i(x,y) = (1 - x ,—y—l -). 

y x-i 

The map kp = [ko : k\ : k 2 ] is given in homogeneous coordinates as 
k = (x xi - xl) n x 2l 

a 

h = Xq~ 1 (x - Xi)" +1 (a;o + x 2 ) + x 2 a ] (x x 1 - x^) n ~ 3 (x\ - x x x - XiX 2 ) j , 

3=0 

k 2 = x 2 (x xi - Xq) u ~ 1 {x\ - x xi - xix 2 ). 

It is worth to write out also the non-homogeneous form of k which is convenient in 

computation 

(2.1) 

, r ! M {Xl ~ X )(X 2 + .T ) . . , XiX 2 , 

fc[xo : x\ : x 2 \ = [1 : \-F{— 1 p r-J : — 1- 



x x 2 xo(xi—xo) ' Xo(xi-Xo) 

The inverse map is 
(2.2) 

fc-^o : x x : x 2 ] = [1 : (l + ^-F(^))(l + ^) : + * a ]. 

x x x 2 x xo + xi - x F{x 2 /x ) 

We recall the following notations from [2]: 

Ci = {x = 0}, C 2 = {x Q = xi}, C 3 = {x 2 = 0}, C 4 = {-xl + x .ti + xrx 2 = 0}, 

C( = C 1 ,C' 2 = {l + ^-F(^) = 0},C' 3 =C 3 , 
x x 

C > = { fi_(i + fi)(i + £l_ jF (^)) = o}. 
x x xo x 

The exceptional hypersurfaces of fc^ are mapped as 

k F : C 4 h-> [1 : -1 + a : 0] G C 3 , Ci U C 2 U C 3 h-> e x . 

The points of indeterminate of kp arc ei = [0 : 1 : 0], e 2 = [0 : : 1], and 
eoi = [1 : 1 : 0]. The exceptional curves for kp 1 are mapped as 

kp 1 : C[ U C 3 I— > ei, C 2 1— > e2, C4 1— > eoi. 



4 



TUYEN TRUNG TRUONG 



Notation: Let Z be a complex manifold and let kz : Z — ► Z be a birational map. 
Recall that fcz : Z — > Z is (l,l)-regular or algebraically stable (or A.S. for brevity) 
if it satisfies 

(2.3) (fcir = (^) p 

for all p G N, where A:^ : Pic(Z) — » Pic(Z) is the induced pull-back of fc^ on the 
Picard group of Z, and similarly for (k p z )* . In [3], it was proved that any birational 
map of a compact Kahlcr surface can be (l.l)-rcgularizcd after a finite number of 
point-blowups. 



3. Proof of Theorem [T] 

First we recall construction of the space X constructed in Section 3 of [5] : Define 
a complex manifold ttx ■ X — > P 2 (sec Figure 3.1 in [2]) by blowing ups points 
ei,pi, . . . ,Pn-i in the following order: 

i) blowup ei = [0 : 1 : 0] and let E\ denote the exceptional fiber over ei, 

ii) blowup q = E\ n C4 and let Q denote the exceptional fiber over g, 

iii) blowup pi = E\ fl Ci and let Pi denote the exceptional fiber over e±, 

iv) blowup Pj = Pj H i?i with exceptional fiber Pj for 2 < j < n — 1. 

The exceptional curves of the induced map kx are C\, C2, C4, Pi, . . . , P„_2- All 
the curves Ci, C2, Pi . . . , P n -2 are mapped to the same point \/a n £ P n -i, while 
Ci is mapped to the point [1 : — 1 + ciq : 0] e C3. By Lemmas 3.2 and 3.3 in [2], the 
only way that an exceptional curve can be mapped to a point of indeterminacy is 
if ao = 2/ (m + 1) for some m £ N, and in this case we have k^ n+1 C4 = [1:1:0], 

If ao = 2/(m + 1) we construct the new manifold Z by blowing up the manifold 
X at the points 

r = [l:-l + ao :0] eC 3 , 

9i = fcx(?"o) G Q, n = far(gi) G C 3 , 

5to = fcx(r m _i) G Q, r m = k x (q m ) = [1 : 1 : 0] G C3. 

Call Ro, Qi, R\, . . . , Q m , P m the exceptional fibers of this blowup. 

Lemma 1. If ag = 2/(m + 1) and Z is constructed as above then the curves 
C4, Ro, Qi, Ri, . . . , Q m , Rm are not exceptional for ky- 

Proof. It suffices to check that C4 is not exceptional. We choose a local projection 
for Rq as 

Z 3 (s, u) 1 — ^ [1 : —1 + ao + su : s]. 
In this coordinate chart Rq = {s = 0}. If we rewrite k[xg ■ x\ : X2] as 

k[x : xi : x 2 \ = 1 : -1 + F{ ) : 

X0X1 Xq(Xi - Xo) Xo(xi-Xo) 

then it can be seen that 

k z : C 4 3 [xq : x\ : x 2 ] i-> -1 + — G Po- 

Xl 

Hence C3 is not exceptional. □ 
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It follows (see [3]) that kz is A.S. Thus we obtain 5(kp) as the spectral radius 
of kg . Now we compute k* z . 

For brevity, we denote by E\ the strict transform E\ in Z of the exceptional fiber 
Ei , and the same notation E\ is also used for the class in Pic(Z) of Ei . The same 
convenience is applied to Ci, C2, C3, Pi, . . . , P n -i, Q, Qi, ■ ■ ■ , Qm, Ro, ■ ■ ■ , Rm- Let 
Hz denote the class in Pic(Z) of the strict transform of a generic line H in P 2 . 
Then Hz, Pi, P\, . . . , P„_i, Q, Q\, . . . , Q m , Ro, ■ ■ ■ , Rm form a basis for the space 
Pic(Z). C\, C2, C3, C4 can be represented in this basis as 



/ j\J ' '-I*! / ; "*3 ' 

3=1 3=1 

n — 1 m m 



Ci 


= H z - 


E 1 -Q- 




= H z - 


Rm, 


c. 


= H z - 


Ei-Q- 




= 2H Z 


-E 1 -2Q 



-E^-E^-E^ 



3=1 3=1 

The induced map A:^ acts as follows 

kz-.E^Er, P n _! h-> P n _x, d, C 2 , Pi, . . . , P„_ 2 ^ — e P„_i, Q ^ C 3 i-> Q, 

k Z : C4 H-> P Ql Pi ^ ■ • • Qm !-> Pm >-> C4, 

fc z J : Ci,Pi,...,P n _i h-> — G P„-i. 
From this, the induced map fcj : Pic(Z) — > Pic(Z) is as follows 

fc^(P z ) = (2n + l)Pz - nPj - (n + 1)Q - (n + 1) E ~ ( n + ^ E ^ _ ( n + 1 )- R " 

3=1 3=1 

k* z {E X ) = Pi, 

n — 1 m m 

= C 3 = H z -E 1 -Q-J2jPj-J2^-J2 R j' 

3 = 1 3 = 1 3=0 

fcJ(P,) = 0, l<j<n-2, 

n — 1 n — 1 7?i 

££(P n _i) = C 1 + C 2 + ^P i = 2P z -P 1 -Q-EiP j -EQ J -P m , 

3 = 1 3 = 1 3 = 1 

ti — 1 m 

fc^(Po) = C 4 = 2P Z -P 1 -20-^^-2^0^^, 

3 = 1 3 = 1 

fc^P,) = Q i5 1 < i < m, fc^Q,-) = P,_!, 1 < j < m. 
From the above we find that the characteristic polynomial of k* z is 

P{x) = -x[x 2m+1 (x 2 - (n+ l)x -l)+x 2 + n]. 
From this, Theorem [1] follows. 
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4. Example: case n = 3 

In this section we explore the map k when n = deg(F) = 3. In this case 
F(z) = a 3 z 3 + ci2Z 2 + a\z + ao where a 3 ^ 0. 

Let Yi = Y be the manifold and E, Q, Pi, P2, P 3 the exceptional fibers con- 
structed in Section 4 in [2] . The action of the induced map ky 1 :Y\—*Yi is 

C 1 ,C 2 — 2 G Ps, Ci i-> = G P 3 , 

and 

k Yl : p 1 3 u ^ - (1+ 2 fl2M) g P 3 , P 3 3 u » - ■ 1 g- e Pi. 

agit —^03 + a 2 — Ogit 

(In these formula, we use the same local coordinates as that of [2].) 

1) Case 1: 82 ^ 83. Then the orbit of exceptional curves Ci,C 2 will never 
land on an indeterminacy point. Hence depending on whether ao = for some 
m = 0, 1, 2, . . . or not, we will decide to perform the blowups as in the proof of 
Theorem Q] or not. For the resulting manifold Z : the induced map kz is A.S. 

2) Case 2: 0,2 = 0,3. Then the map ky 1 is not A.S because 

— 2a 3 + a 2 a 2 1 
% ai, a 3 

that is the point G P3 is both an indeterminate point and the image of ex- 
ceptional curves C\,Ci. We blowup the space Y\ at the point G P3. Call Y 2 
the resulting manifold and P4 the exceptional fiber of this blowup. We choose a 
coordinate projection for P4 as 

Y 2 3 (s,u) ' — ^ [s 3 (- + s 2 it) : 1 : s 2 (- + s 2 u)}. 

03 03 «3 03 

Recall that this means that in this local coordinate P4 is given by the equation 
s = 0. 

Then the action of the induced map ky 2 : Y2 — ► Y% is 

ky 2 : P 4 3u 1 ► [0:1: 5-] G C x , 

—03 + ai + a^w 



and 



„ , 1 + 03M — Ol U 

Cy 2 : d 9 : 1 : u] i-» — G P 4 , 

a 3 u 



C 2 » P~^] Pi ^[0:0:1] = e 2 , 



"3 

Since e 2 is an indeterminate point, it follows that ky 2 is not A.S., and we need to 
blowup more times. This is what we called "double point-blowups" in Section 1. 

We blowup Y 2 at points a3 ~ 2 ai g p 4 and e 2 . Call Y 3 the resulting manifold and 
P5,E 2 the exceptional fibers of this blowup. 

We choose a coordinate projection for P5 as 

Y 3 3 (s, u) » [s 3 (- -- + ^-^V + s 3 u) : 1 : ,s 2 (- - - + + s 3 u)}, 

a 3 a 3 a 3 a 3 a 3 a 3 

and a coordinate projection for P 2 as 

Y 3 3 (s, u) h- > [s : su : 1]. 
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The action of the induced map ky 3 is 

«y 3 : p 5 



ky 3 '■ P5 3 u 1— > -O3M — a 3 + 2aj + a — 4 g -E 2 , 



and 



w + a 3 - 2a a + a - 1 
ky 3 : E 2 3u i-> ^ g F 5 , 

^3 

k Y '■ E 2 3 u u + 2ao - 5 6 £2, 



C 2 1 * - Q3 ' 2a ? 1 + ao g P 5 ^ 2a - 4 g £ 2 . 



This map has only one more indeterminate point at £ £2. 

2.1) Subcase 2.1: ao ^ 2 + 2 (i+i) ^ or an y ' = 0, 1, 2, . . .. Then the orbit of the 
exceptional curve C 2 will never land on an indeterminacy point. Hence depending 
on whether ao = m ^_ 1 for some m = 0, 1, 2, ... or not, we will decide to perform the 
blowups as in Theorem [T] or not. For the resulting manifold Z, the induced map 
k z is A.S. 

2.2) Subcase 2.2: ao = 2 + 2 (i+i) f° r some I = 0, 1, 2, . . .. In this case we do a 
series of blowups at the point G E 2 and a finite number of its previous images in 
the same way as we did in Theorem [TJ If also ao = for some m = 0, 1, 2, . . . 
we also perform the series of blowups in Theorem [TJ For the resulting space Z , the 
induced map kz : Z — > Z is A.S. 

Note that if both ao = 2 + 2 (i+i) ^ or some £ = 0, 1, 2, . . . and ao = for some 
m = 0, 1, 2, . . . then ao = 2. In particular, from the above analysis, we get that 

Lemma 2. If n = 3, then a space Z satisfying 1) and 2) of Theorem^ exists iff 
F(z) = a 3 z 3 + a 3 z 2 + a±z + 2 where a 3 ^ 0. 

5. A SYSTEM OF LINEAR EQUATIONS 

In this section we explore a system of linear equations which is related to the 
map kp . 

Fixed n g N, where n is not necessarily odd. We define linear functions Lj : 
C" +1 -> C as follows 
(5.1) 

Lj(a ,ai, . . . ,a n ) = -(a n -j+a n -j+i)-[-a n (i]+a n -i ( j - l) +■ ■ .+{-i) j+1 a n -j ( 
for < j < n, and where 

j\(n- j)\ 

with n! = n(n — 1) . . . 2.1 the factorial of n. Functions Lj for some first values of j 
are: 

L = -a„ - [—On] = 0, 

L\ = -(a n + a n -i) -[-na n + a n -- L ] = (n-l)a n -2a n -i, 

£2 = -(on-i + On-a) - [-a„ (^2J + a„_i 111- a„_ 2 I J] = -I>i. 

We will explore the properties of systems of linear equations of the form 
(5.2) Lj(ao,ai, . . . ,a n ) = 



n-j 
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for all j = 0, 1, 2, . . . , 771, where < m < n is a constant integer. It will be 
convenient to write equations (|5.2p as 



(5.3) - (a n -j + a„-j + i) = -a n a n -x — + (-l) J+1 a„_j 



n-l 



n—j 



Changing the order of indexes, the equations (|5.3p can be written in a more conve- 
nient form 



(5.4) - (b, + b^ x ) = -b (j )+ h (j - 1 + . .. + (-iy +1 b, 



n-l 



n—3 



The following results will be used to prove the phenomenon "double point-blowups" 
that we mentioned in Section 1. 

Lemma 3. If < m < n, and m is odd, and if bo,b\, . . . ,b n satisfy the equa- 
tions \5.J$ for all j = 1,3,5, ... ,m then bo, b\, . . . , b n also satisfy J5.^[ ) for all 
3 = 0,2,4, . . .,m+ 1. 

Proof. Fixed < m < n, where m is odd. Let bo, b\, . . . , b n satisfy the equations 
(|5.4p for all j = 1,3,5,..., m . To prove Lemma [3] it suffices to prove the following 
claim: 

Claim 1: bo, £>i, • • • , b n also satisfy (|5.4[) for j = 777 + 1. 
The proof is divided in several steps. 

i) Reduction 1: In equations (|5.4p with j = 1, 3, . . . , m, pushing all bi with i odd 
to the left hand-sided and pushing all bi with i even to the right hand-sided we can 
rewrite them as 

2bi = b Q ( "T 1 



6i ( 2 j + 26 3 = 6 (3j + 6 2 f 1 

'n-lA /"-3\ /n\ f n-2\ I n-5 

h[ 4 +6 3 2 +265 = 60(5) +62 3 +64 1 



n-l \ / n-3 \ / n _ m+2 \ 

6l ( 777 - 1 ]+ 63 ( 771 - 3 I + ... + 6 m _ 2 (2 ) + 26 r; 

60 ( m ) + b 2 ( ttI 1 - 2 ) + . . . + 6 m _ 3 [ 3 +3 I + 6 m -i ( 1 



The equation (|5.4p for j = m + 1 which we want to prove in Claim 1 can be 
written as 



n— m+1 

1 



h ("to) + 63 (^m-2^j + ... + b m - 2 3 +2 ^) + 6 m ^ 

/ n \ / n— 2 \ / n-m+l\ 

= 6 (^m + lj +b 2 ( m-1 J +... + 6 m _i ( 2 j. 

ii) Reduction 2: For any value of 60, 62, 64, ... , 6 m _i there exists a unique solution 
61, 63, . . . , 6 rra to the system (|5.4p for j = 1,3, ... ,m. For a proof of this claim we 
can use the rewritten system in Reduction 1. 
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iii) Reduction 3: Claim 1 is true in general case if we can prove it is true for the 
special case 60 = 1, &2 = &4 ; • • • = 0. For a proof use the special structure of the 
rewritten system in Reduction 1. 

From now on in this proof we will assume that &o — 1> ^2 = &4 = • • • = 0. We 
rewrite Reduction 1 as 

iv) Reduction 4: In equations (|5.4| with j = 1, 3, . . . , m, pushing all bi with i 
odd to the left hand-sided and pushing all bi with i even to the right hand-sided 
we can rewrite them as 

2h = (l 



h (V ) +26 3 = (3), 



h (V) + 63 (Y) +2b 5 = (5), 



/ n— 1 \ / n— 3 \ / n-m+2\ / n \ 

bi ( m-lj +63 (m-3J +... + b m - 2 ( 2 j+2b m = (mj . 

The equation (|5.4[) for j = m + 1 which we want to prove in Claim 1 can be 
written as 

/n— 1\ / ™~ 3 \ / n—m+2\ ( n— m+l\ / « \ 

6i(m)+6 3 n»-2 +... + &m-2 3 + b m 1 = m + 1 . 



bi 
n 



v) Reduction 5: Define 

01 

03 
05 



n(n- l)(n-2)' 
^5 



n(n- l)(n-2)(n-3)(n-4)' 
then 0\, 03, 05, . . . satisfy the following system of equations 



20i = I--, 



n 



lh +2B 1 
4! + 2! +2/?5 - 5f 



A /3a m -i , 



(m-1)! (m-3)! 2! ™ m! 

What we want to prove in Claim 1 can be written as 

ft , . A- , 1 , 



ml (m-2)! 3! v ti-to' (m + 1)! 

vi) Reduction 6: A universal system of linear equations 
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Let 6±, 03, 05, ... be the unique sequence satisfying the following system of infin- 
itely many linear equations 





26>i 


= 1, 


01 

2! " 




= o, 


03 

2! " 


V20 b 


= o, 



Then, for any sequence ci, C3, C5, . . ., the unique solution to 

2zi = ci, 
— + 2z 3 = c 3 , 

4! + 2! +2z5 = ° 5 ' 



is 

Z\ = C]01, 

Z5 = c 5 0i + c 3 6» 3 + c 5 6»i, 

vii) Reduction 7: Let 01,0:3,... be the unique sequence satisfying the following 
system 

2a x = i 

Y + 2Q3 = 3!' 

¥ + Y + 2Qs = 5!' 

Then it is easy to see that for (3j in Reduction 4: 

0j = ".; -?j> 
for all j = 1,3,..., 771, and what we wanted to prove in Claim 1 becomes 

1/#1 #3 , 0m-2 , 0rn 0m \ . 1 / &m \ n 

(— T + 7 JyTT + ■ ■ • + + TT ) + ( a ™ ) = °- 

n ml [m — 2)\ 61 1! m n — m m 

Hence Claim 1 is proved if we can prove the following Claim 

Claim 2: For any m £ N, m odd then the following conclusions are true 

/x 0\ 0.3 0m— ? 0m 0m 

5.5 -± + 3 +... + ^-1 + ^1-^1 = 0, 

ml (m — 2)1 31 1! m 

and 

(5.6) a m - — = 0. 

m 
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viii) Proof of Claim 2: 
Define a formal series 

e(t) = e 1 - t 2 e 3 + t 4 e 5 - t 6 e 7 + ... 

From the Reduction 6: 

1 = 6(t).(2 -t + t-t...) = 6{t).{\ + cost). 



Hence 



9(t) = 



1 + cos t 



Similarly, if we define 

a(t) = tai - t 3 a 3 + t 5 a 5 . . . 

then from Reduction 7 

/ \ sint 

a(t) = - . 

v ; 1 + cost 

It follows that 

da , . 

which proves (|5.6p . 

From Reductions 6 and 7 we have 

am ~m\ + (m - 2)! + ' ' ' + ~sT + 1! ' 
This equality and (|5.6|) imply (|5.5p . Hence we completed the proof of LemmaO □ 

Lemma 4. Let n > 3 be an odd integer. Let ao, . . . ,a n be a solution of the system 
of linear equations 

Lj(a ,a!, ...,a n ) = 
for all j = 0,1,2, ... ,n — 1. Then 

n 

£(-1)^ = 0. 

j=2 



Proof. To prove the equality we need only to take the difference between the sum 
of odd-th equations and the sum of even-th equations. □ 

6. (l,l)-REGULARIZATION FOR EXCEPTIONAL CASES: n =ODD 

In this Section we show how to (l,l)-regularize the maps Uf in exceptional cases 
when 7i > 3 is odd . Recall that F(z) = a n z n + a n -\z n ~ l + . . . + a\z + ao is a 
polynomial (a n 0). 

Let Y be the manifold constructed in Section 4 in [2]. If ao = for some 

m = 0, 1, 2, . . ., let Y denote the manifold constructed by blowing up the manifold 
Y at the points rg, qo, r±, q\, . . . , r m , q m as in the proof of Theorem [TJ Otherwise, 
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i.e. if ao ^ f° r an Y m = 0, 1, 2, . . ., let Y denote the space Y itself. Let us 
denote Y\ = Y. Let us also denote some more notations 

1 1 

epo = — S P n -i, ipo = — £ Pn-l, 
a n a n 

a n -i ^ n . —{n - l)a„ + a„_i 

epi = 5— e P„, «pi = 5 e -Pn- 

K < 

The above equations mean that epo is a point of P n ~i with local coordinate -p, 
and so on. Here "ep" means "exceptional point" that is points which is the image 
of some exceptional curves, and "ip" means "indeterminate point" that is points 
which blowups to some curves. 

For convenience we recall the action of the induced map ky ± ■ Y\ — > Y\ (see [5]): 

k Yl : C 1 ,C 2 ,P 1 ,P 2 ,...,P n -3 >-> e Pl eP n , 

kyl : C 1 ,P 1 ,P 2 , P n -3 ^ ipi € P n , 

and ky t ■ P n < — > P n -2 with 

P n 3u 1 ► g 3_ e p n _ 2) 

-a n u - (n - l)a n + a n _i 

P n - 2 3u 1 ^ --^ e P„. 

We will prove the following result 

Theorem 4. Lei n = deg(F) > 3 6e o<i<i. Let Y be the manifold constructed in 
Section 4 in [2- Let Lj : C n+1 — > C (j = 0, 1, . . . , n) be linear functions defined in 
Section 3. Then there exists < j < n — 2 suc/i £/iai 

Li(a , ai, . . . , a„) = 

for all < i < j . Moreover, we choose j as large as possible, that is either j = n — 2 
or L j+ i(a ,ai, . . . , o„) ^ 0. 

If ao = m ^_ 1 /or some m = 0, 1, 2, . . v lei Y denote the manifold constructed by 
blowing up the manifold Y at the points ro,qo,r\,q\, . . . ,r m ,q m as in the proof of 
Theorem^ Otherwise, i.e. if ao ^ f or an y m = 0,1,2, .. ., let Y denote the 
space Y itself. 

We have one of the following alternatives 

Case 1: j < n — 2. Then there exists spaces Y\ = Y ,Y 2 , . . . ,Yj,Yj+i = Z, 
where i^+i — > Yi is a one point-blowup for i < j — 1, such that the induced map 
kz : Z — > Z is A.S. 

Case 2: j = n — 2. 

Subcase 2.1: ao ^ ^4^- + 2 (i" m ) f or an V m = 0,1,2, .. Then there exists spaces 

Y\ = Y , Y 2 , . . . , Y„ = Z , where Yi+i — > Yi is a one point-blowup for i < n — 1, such 
that the induced map kz : Z — > Z is A.S. 

Case 2.2: ao = ^4^- + 2 (i+m) f or some m = 0, 1, 2, . . .. Let Y n be the space in 
Subcase 2.1. Then there exists spaces Y n , Y n+ i, . . . , Y n+2m+2 = Z , where Y n+ i + \ — > 
Y n +i is a one point-blowup for i < 2m + 1, such that the induced map kz '■ Z — > Z 
is A.S. 

The proof of Theorem |4] is divided into some steps. 
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Lemma 5. Let 1 < m < n — 3 be an integer. Assume that 

(6.1) Lj(a ,ai, ■ ■ • ,a n ) = 

for all j = 0,1,2,..., m, and 

L m +i{a , a\, . . . , a n ) ^ 0. 

Construct a sequence of spaces Yj (2 < j < m+1) by induction as follows: Yj is the 
blowup ofYj—i at a point ipj-i = epj-i E P rl _i+_,_i, and P n -\+j is the exceptional 
fiber of the blowup Yj — > Y}_i. i/ere i/ie points ipj and epj (I < j < m + I) are 
defined as 

c, + dj 7, + Cj 

where —a^u + Cj is the coefficient of s^ of the Taylor expansion of the function 

l_Fs 

ip + ipis + . . . + ipj-xsi- 1 + sHi 

near s — 0, dj is the coefficient of s- 7 in the polynomial s n F(—l — i), jj is the 
coefficient of s^ in the polynomial — (l + s)s n F(-). Moreover for small values of s: 

-. : — + s n F(-l - -) = {-alu + Cj)s> + djj + 0(s J+1 ), 

-(l + s)s n F(-) = (-a 2 n u + Cj)s ] + 7 ,V +0{s 1+1 ). 



ipa + ipis + . . . + ipj-isi + sHi 
Then the induced map ky m+1 '■ Y m+ \ — > Y m+ i is A.S., and acts as follows: 

ky m+1 ■ C\, C*2, Pi, . . . , P„_i_( m+ i)_i H-> ep m+ i e Pn-l+m+l, 

^Ym+i '■ C\, P\, ■ ■ ■ , P„_i_( m+ i)_i i-> ip m+ i £ P„_i +m+ i, 
and fcy m+1 : Pn-i+m+i 1 ► P n -i-{m+i) is 

-a^u + d m+1 + c m+ i 



ky m+1 ■ Pn-l+m+l 3 U H-> 2 ^ ^ — £ P n -l-(m+l)> 



(-\ ) n -( m + 1 ) r . , + /v , 
7 n> _ I x ^ . L tn+1 T 7m+l n 

: ^„_i-( m +i) 3 u h-> ^ 1 ^ 6 f n -i + t m+ i). 

-<u ai 

In these formulas we choose the coordinate projection at P n -i+j as 

(s,u) h-» [s n (ip + ipis + . . . + ipj_\S 3 ~ + s j u) : 1 : s n ~ 1 (ip + ipis + . . . + ip^\s^ x + s^u)]. 



Proof. 1) Step 1: We will prove by induction on m that if (|6.2[) is satisfied for 
< j < m then a sequence of spaces Yj (1 < j < m + 1) exists and satisfies all the 
conclusion of Lemma [S] except the conclusion that ky m+1 is A.S. 

Proof: Assume by induction that spaces Yq, Yi, . . . , Yi (I < m + 1) was con- 
structed with the following properties: Yj is the blowup of Yj— i at a point ipj~\ = 
epj-i € -Pn-i+j-i, and P n -i+j is the exceptional fiber of the blowup Yj — > Yj-i. 
Here the points ipj and epj (1 < j < I) are defined as 

c, + d 7 - 7,' + Cj 
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where — a%u + Cj is the coefficient of s 3 of the Taylor expansion of the function 



ip + ipi-s + . . . + ipj-isi 1 + s^u 

near s = 0, dj is the coefficient of s-? in the polynomial s n F(—l — -), is the 
coefficient of s 3 in the polynomial — (1 + s)s n F(-). Moreover for small values of s: 

+ s n F(-l - -) = (-a 2 n u + Cj ) s i + d jS i + 0{s 3+1 ), 



ipo + ip\s + . . . + ipj-isJ 1 + s 3 u s 
-. : __(i + s ) s » F (I) = (-alu + c j )s j + 1 jS i + 0{si +1 ). 

The induced map k Yl ■ Yi — > V; acts as follows: 

fcy, : Ci,C 2 ,Pi,. ..,P„_i_j_i h-> epi gP„-i + i, 
k^} : Ci,Pi, . . . ,P n _i_;_i i-> ip; £ P„-i+i, 
and % : Pi-i+z < — > Pi-i-i is 

i_l\n-l 

k Yl : Pn-l+l 3 U h-> - —J — ; G Pn-l-J) 

+ «( + Q 

z, p = (-1)"-' , Q+ 7 z _ p 

fey, : P n _l_J 9 U H-> 1 2 G Pn-l+i- 

The starting point Z = can be easily checked to satisfy the above conditions. 

i) Claim 1: The following two facts are equivalent 
Fact 1: epj = ipj for all < j <l. 

Fact 2: Lj(ao, a\, . . . , a n ) = for all < j < I. 

Proof of Claim 1: From the definition of epj and ipj it is not much difficult to 
check Claim 1 (the reader may check with concrete examples to see how this works) . 

ii) Claim 2: ky t is not A.S. 

Proof of Claim 2: From Claim 1 and the action of ky L we see that 
k Yl : C x , C 2 ,Pi, . . . , Pn-i-i-i i-> ept = ipi G P„_i+;, 

which is an indeterminate point of k Yl . Hence ky t is not A.S. 

iii) Claim 3: Let be the blowup of Yi at the point epi = ipi G P„_i+i, 
and let P n -i+i+i be the exceptional fiber of this blowup. Choose the coordinate 
projection at P n -i+i+i as described in the statement of Lcmma[5] Then the action 
of the induced map ky l+1 ■ i^+x - ► ^z+i is 

ky l+1 : Ci,(7 2 ,Pi,...,P„_i_(; + i)_i ' * epi +1 e Pn-l+l+x, 

ky l+1 : Cl,Pl, . . . ,P n _x_(J+l)_l i-> ipi+i € P„_l + ; + l, 

and fcy i+1 : P„_i +i+ i < — ► P„-i-(;+i) is 

: Pi-i+z+i 3 u i-> 2 ~j ! e Pn-i-(;+i)j 

fc Y !+1 : P n _i_a+i) 3 U ' * 5 1 5 G P„_ 1+ (i+i). 

Proof of Claim 3: First we compute the image of a generic point u G P„_i + / + i 
under the map ky l+1 . Use the formula 

ky [u] = lim k[s n (ip + ipiS + . . . + ipis 1 + s l+1 u) : 1 : s Tl_1 (ip + ipis + ■ ■ ■ + ipis 1 + s l+1 i 

S^rO 



DEGREE COMPLEXITY OF A FAMILY OF BIRATIONAL MAPS: II. EXCEPTIONAL CASES5 



and the fact that 

: —, + s n F(-l --) = {-a 2 n u + Cj )s j + d jS i + 0(s j+1 ), 

-. ; __(i + s ) s » F (I) = (-a 2 n u + c j )s j + 1 jS i + 0{si +1 ). 

for all j < I + 1, it is not hard to see that 

k Yl+1 ■ Pn-l+l+l H-> - — ■ G P n _i_( J+ i). 

-a^u + d i+ i + Q + i 

Now we compute the image of a generic point u G P n -i+(i+i) under the map ky l+l - 
Use the formula 

ky 1 [u] = lim fc -1 [s n (ip a + ipis + . . . + ipis 1 + s l+1 u) : 1 : s n ~ l {ip + ip x s + ... + ipis 1 + s l+1 u)}, 
and arguing as above, it is not hard to see that 

k vL '■ Pn-l+l+l H-> ■ ■ G P n _i_( i+1 ). 

Then the image of a generic point u G P It -i-(;+i) using ky l+1 = (k^ j) -1 can be 
computed as follows 

P a (-l)"-('+D , 71+i+ci+i g p 

fe Y 1+1 : P„_i_(;+i) 3 w i ^ 5 1 = G P„-i+f+i- 

-a 2 n u ai 

(The reason why we computed k Yl+1 : P„_i_(i+i) -> P n -i+(i+i) viafc^ : P„_ 1+(i+1) -> 
Pn-i-(/+l) i s because the formula for coordinate projection of P n -i-(i+i) is much 
more simpler than that of P n -i+(i+i)-) Hence ky l+1 ■ Pn-i+i+i < — ► P n _x-(;+i). 
This fact, and the inductional assumption that 

ky t : Ci, C 2 , Pi, . . . , Pn-i-i-i ' ^ ep; G P n -1+J, 

imply that C\, C%, Pi, ... , P n -i-(;+i)-i are exceptional curves for ky l+1 , and hence 
their images must be the points lie in P n -i+((+i) which is indeterminate points 
for ky t i - From the formula for ky t 1 '■ P n — i+(!+i) ~~ > Pn-i—(l+i) which we found 
above, there is only such a point which is exactly epi+\. Hence 

k Y l+1 ■ Ci,C 2 ,Pi,...,P n _i_(i + i)_i h-> epi + i G P„_i+i + i. 

Similarly 

^1+1 1 ^1) "Pi' • • • ) Pi-l-(i + l)-l ^ G Pi-l+i+1- 

Using the above Claims we complete the proof of Step 1. 

2) Step 2: Completion of the proof of Lemma [5] In Step 1 we showed that a 
sequence of spaces Yj (1 < j < m + 1) exists and satisfies all the conclusion of 
Lemma [5] except the conclusion that ky m+1 is A.S. Now we show that k Ym+1 is A.S. 

From Step 1 we have 

ky m+l ■ Pn-l+m+l 3 U + ep m+ i - ip m +l £ Pn-l+m+1- 

Hence the orbit of the exceptional curves are 

^Ym+l ' P" 1 ' ' ' ' ' Pn-l-(m+l)-l l— * e Pm+l + l( e Pm+l — iPm+l) £ Pn-l+m+1 
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never land on the indeterminate point ip m +i G -Pn-i+m+i, since ep m +i ^ ip m +i as 
can be easily seen from Claim 1 in Step 1 and our assumption that i m +i(ao, ai, . . . , a n ) 
0. This implies that ky m+1 is A.S. □ 

Lemma 6. Assume that 

(6.2) Lj-(oo,Oi, ...,a n ) = 

for all j = 0, 1, 2, . . . , n — 3. Construct the spaces Y\, . . . , Y n -2 as described in 
Lemma^ 

Case 1: L n — 2(0,0, ai, ■ ■ ■ , o n ) 7^ 0. Then the induced map ky n2 is A.S. 

Case 2: L„_2(ao> ^l; ■ ■ • ,a n ) = 0. Then the induced map ky n _ 2 is not A.S, and 
ep„-2 = ipn-2- Construct the space Y n -\ as the blowup ofY n —i at the point ep n -%, 
and call P n —i+ n -i the exceptional fiber of this blowup Y n —\. Then the action of the 
induced map ky n _ ± is 

ky n _ 1 : P n _i + „_i < ► Ci, C 2 i-> ep n -i i-> [0 : : 1] = e 2 , 

where ep n _i G -Pn-i+n-i is constructed in the same way as epi, . . . , ep n ^2- The 
map ky n l has no indeterminate point lying in P„_i + „_i ; but it is not A.S. 

Let Y n be the blowup ofY n —i at two points ep n -\ G -Pn-i+n-i o,nd e% = [0 : : 1], 
call P„_i +n and E2 the exceptional fibers of this blowup Y n — > Yn—i- Let the 
coordinate projection at P n -i+ n o,s 

(s,u) 1 ► [s n (ep + epis + . . . + ep n - 1 s n ~ 1 + s n u) : 1 : s n ~ 1 (ep + ep 1 s + . . . + ep„_is" _1 + s n u)}, 
and the coordinate projection at E2 is 

(s, u) 1— ► [s : su : 1]. 

(Recall that we do not have a point ip n _\, however we do have the points ipo = 
epo,ipi = epi, . . . ,ip n -2 = sp-n-2-) Under these coordinates then the induced map 
ky n : Y n — > Y n is 

ky n : C 2 i-> ep n G P n -i+ n , 
and ky n : P„_i + „ < ► E2 as 

ky n : Pn-l+n 3« >-> ~ a n u + c n + d n - (fl + 1) G E 2 , 

ky n : E 2 3 u i-» 5 G P. -l+n- 

Pere i/ie constants ep n , c n , d„ ,"f n are 

epn = 5 — ' 

< 

and d n is the coefficient of s n in the polynomial s n F(—l — -), 7„ is i/ie coefficient 
of s n in the polynomial (1 + s)s n F(-), and when using Taylor's expansion for s 
small enough 

ep + epis + ... + epn-is"- 1 + s"u v s ; v ™ ; y ' 

1 + S n _ - -(l + s)s"F(-l--) = (-alu + c n+ln )s n + 0{s n+1 ). 

epo + epis + . . . + ep n _is" 1 + s™m s 

Moreover £ E 2 is the only indeterminate point lying in E2 of ky n . 

Subcase 2.1: ao ^ + wi+Tj f or ' = 0, 1, 2, . . .. Then the induced map 
ky n : Y n — > y„ is ^4.5. 
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Subcase 2.2: ao = + WT+T) f or some I = 0,1,2,.... Let Z be the space 
constructed by blowing up Y„ at points 



ep n G Pn-i+n, k Yn (ep n ) G E 2l 

+ 71 ) 



kyiepn) G P„-i 



k^(ep n ) 6 Pn-i+n, k^+ 1 (e Pn ) = 0eE 2 . 
Then the induced map kz : Z — > Z is A.S. 

Proof. Case 1 and the action of the induced map ky„ _ 1 — > ky nl can be proved as 
in Lemma [5] 
Now the action 

(6.3) ky n ■ Pn-l+n 3 11 I > — a n u + c„ + d„ - (n + l)ei?2 
can be computed as in Lemma [5l In the same way we can compute 

kyl : Pn-i+n 3mh -a n u + c„ + 7„ - 1 € E 2 , 
hence using ky n = (ky^) -1 we get 

(6.4) k Yn : £ 2 3«h G Pn-l+n- 

That G Ei is the only indeterminate point lying in E 2 of ky n is not hard to see, and 
that the image of C 2 is a point ep n G -P n -i+n can be proved by the same argument 
in the proof of Lemma [5] Now we compute ep n ■ We have C 2 P\ E 2 = I E E 2 which 
is not an indeterminate point of ky n , hence using (|6.4j) 

e Pn = ky n {C 2 ) = kyJ[l] E2 ) = ^L±^. 

K 

From (E3D and (EU) we get 

k Yn : E 2 3 u i-> u - 7„ + d„ — (n + 2). 

Then 

kY n (ep n ) = ~ln + d n ~ (fl + 1) G -E 2 . 

Using the formulas of 7„ and d ra , and using Lemma [¥] we have d n — 7« = 2ao. Hence 
the orbit of C 2 is 

fcy+ 2 : C 2 ^> 2a (Z + 1) - (n + + 1)-IgE 2 . 

This orbit lands on the indeterminate point G E 2 iff 

2a (Z + 1) - (n + 1)(/ + 1) - I = 

for some I = 0, 1, 2, . . .. Then Case 2 easy follows. □ 

7. Proof of Theorem [2] 

In this section we prove Theorem [2] Let Z be the spaces constructed in Theorem 
|U Since the map kz : Z — > Z is A.S., we obtain J(fcp) as the spectral radius of k* z . 

1. Case n = deg(F) is odd; ao ^ 2/ (m+1) for any m = 0, 1, 2, . . .; £,(ao, ai, . . . , a„) 
for any < i < h, Lh+i(ao> ■ ■ ■ , o>n) where < h < n — 2. As noted before, 
in this case h must be an even integer. 
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Lemma 7. The spectral radius of k* z : Pic(Z) — > Pic(Z) is the largest real root of 
the polynomial x 3 — nx 2 — (n + 1 — h)x — 1. 

Proof. Let Z be the space constructed in TheoremHJ Let Hz, Ei,Q, Pi, ... , P„_i + / l+ i 
be a basis for Pic(Z) (see convenience in the proof of Theorem [TJ). In this basis 
then 

n-1 h+1 

d = H z -E 1 -Q-J2(j + 1 ) p j-nJ2 Pn - l +i> 

3=1 3=1 

n-1 ft.+ l 

C 2 = C 3 = F z - E 1 - Q - JPj - (» - 1) £ P «-i+i' 

3=1 3=1 
n-1 /i+l 

C 4 = 2H z -E 1 -2Q-^2jP j -{n-l)J2Pn-i+ j - 

3=1 3=1 

As in the proof of Theorem [T] k* z : Pic(Z) — > Pic(Z) acts as 

n-1 /i+l 

fcj(ffz) = (2n + 1)F Z - nEi - (n + 1)Q - (n + 1) ^ i P 3 - ^(" 2 - 1 + j) p n-i+j, 

3 = 1 3 = 1 

n-1 h+1 

k* z (Ei) = E u k z {Q)=H z -E 1 -Q-Y,3Pj-{n-l)Y,Pn-i+h 

3=1 3=1 
k* Z {Pn-l-j) = 0, j > h+ 1, k z (P n -l-(h+l)) = Pn-l+h+1, 
k* Z {Pn-l-j) = Pn-l+j, j = 0,...,h, k z (P n -l+j) = P n -l-j, j = 0, . . . , h, 

k z (P n -i+h+i) = C\ + C2 + Pi + . . . + P„_i_(/j_|_i) 

n-l-(/i+l) n-1 h+1 

= 2H Z - ■><'■ E U + ^Pj-nJ2 P n-i+3- 

3=1 3=n— 1— A 3=1 

The spectral radius of fcj can be computed as the greatest real zero of the character- 
istic polynomial of the matrix representation of k* z restricted to {Hz, Q, P n —\—h—x, Pn— l+h+i} 
which is 



Mi 



/ 2n + 1 -(n + 1) -(n + l)(n - 1 - /i - 1) -(n 2 - 1 + h + 1) \ 

1 -1 -(n-l-h-1) -(n-1) 

1 

\ 2 -1 -(n -1-Zi-l) -n J 



The characteristic polynomial P(x) = det(M\ — xl) of M\ is 
P(x) = -x(x 3 - nx 2 - (n + 1- h)x - 1). 
From this the conclusions of Lemma [7] follow. □ 

2. Case n = deg(F) is odd; ciq = 2/(m+l) for some m = 0, 1, 2, . . .; L,(ao, cti, • • • , a n ) 
for any < % < h, Lh + i(ao, . . . , a n ) ^ where < h < n — 2. As noted before, 
in this case h must be an even integer. 

Lemma 8. The spectral radius of k* z : Pic(Z) — > Pic(Z) is the largest real root of 
the polynomial x 2m+1 (x 3 — nx 2 — (n — h + l)x — 1) + x 3 + x 2 + nx + n — h — 1. 
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Proof. Let Z be the space constructed in Theorem|4l Let Hz, Pi, Q, Pi, ... , P n -i+h+i, 
Qi, ■ ■ ■ , Qm, Ro, Ri, ■ ■ ■ , Rm be a basis for Pic(Z). In this basis then 

n— 1 /i+l m 

Ci = fr z -Bi-Q-5^(j + l)P J --n£p n _i+j-53Q i , 

j=i 3=1 3=1 

C2 = Pz — Pot, 

71 — 1 /i+l m m 

3=1 3=1 3=1 3=0 

C 4 = 2P z -P 1 -2Q-^jP,-(n-l)^P„_i +J -2^Q J -P m . 

3=1 3=1 3=1 

Then fc z : Pic(Z) -> Pic(Z) acts as 

n-l /i+l 

fe|(Pz) = (2n+l)Pz-nPi-(n + l)Q-(n + l)^jP, ■ - ^(n 2 - 1 + j)P„_ 1+J 

3=1 3=1 

m 

-(n + lJ^Qj—Cn + l)^, 
3=1 

fc z (Pi) = Pi, 

n— 1 h+1 m m 

fc|(Q) = ffz-^-Q-^jPf-Cn-lJ^Pn-i^-^Qi-XI^. 

3 = 1 3 = 1 3 = 1 3=0 

k* Z {P n -l-j) = 0, J > h+1, k* Z (P n -l-{h+l)) = Pn-l + h+l, 
kz(Pn-l-j) = Pn-l+j'j J = 0, . . • , ft, k z (P n -l+j) = Pn-l-j: j = 0, . . . , ft, 

n— l-(fc+l) n -l h+1 m 

k* z (P n -i+ h +i) = 2H Z - J2 3 P i~ 12 U + ^Pi-n^Pn-i+j-^Qj-Rm, 

j=l j= n -l-h .7=1 .7=1 

n— 1 h+1 m 

fc^(Po) = 2P z -P 1 -2Q-^iP i -(n-l)^P„_ 1+i -2^Q J -P m , 

3=1 3=1 3=1 

fc|(P,) = Q,-, 1 < J < TO, = Pj-l, 1 < j < TO. 

The spectral radius of k* z can be computed as the greatest real zero of the character- 
istic polynomial of the matrix representation Mi of k* z restricted to {Hz, Q, P n -i-/i-i, Pn—i+h+u 
Qi,..., Q m , Rq,Ri, ■ ■ -,R m } which is 

P(x) = -x[x 2m+1 (x 3 -nx 2 - (n - ft + l)x - 1) + x 3 + x 2 + nx + n - h - 1]. 

From this the conclusions of Lemma [5] follow. □ 



3. Case n = deg(F) is odd; ao ^ 2/(m + 1) for any m = 0,1,2,...; o,q ^ 
+ 2(1+1) f° r an y ^ = 0, 1, 2, . . .; Li(a , 01, . . . , a„) = for any < z < n — 2. 

Lemma 9. The spectral radius of k* z : Pic(Z) — > Pic(Z) is the largest real root of 
the polynomial x 3 — nx 2 — 2x — 1. 
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Proof. Let Z be the space constructed in Theorem|4l Let Hz, Pi, Q, Pi, ... , P n -i+n, E2 
be a basis for Pic(Z). Then k* z : Pic(Z) — > Pic(Z) acts as 



k*z(Hz) = (2n+l)ff z -»iEi-(»+l)Q-(»+l)5^jP i 

3=1 

n-1 

- J2( n2 - 1 + i) P «-i+j - (" 2 + " - 2)P„_ 1+ „ - n£ 2 , 

3=1 

n — 1 n 

fcK^r) = P x , k* z (Q) = H Z -E 1 -Q -^jPj - (n - 1) 

fc£(P„-l-j) = Pn-l+j, 3 = 0, • • • , »» - 2, fcJ(P„- 1+J -) = Pn-l-j, j = 0, . . . , n — 2, 

n — 1 n 

fc|(P„_i +n _i) = P z -Pi-Q-^(j + l)P,-n^P„_ 1+ ,-P 2 , 

j'=i i=i 
k* z (Pn-l+n) = E 2 +C 2 =H Z , k* z (E 2 ) = P n _i+„. 



The spectral radius of fcj can be computed as the greatest real zero of the character- 
istic polynomial of the matrix representation Mi of k* z restricted to {Hz, Q, P n _i+ n _i, P n _i+„, E 2 }, 
which is 





( 2nH 


-1 -(n + 1) 


-(rc 2 + n - 2) 


-(n 2 - 


fn-2) 


— n 


\ 




1 


-1 


-(n-1) 


-(n- 


1) 







M 1 = 


1 


-1 


— n 


— n 




-1 






1 




























1 







/ 



. The characteristic polynomial P(x) = det(M\ — xl) of Mi is 
P(x) = -(x - l)(x + l)(x 3 - nx 2 -2x- 1). 
From this the conclusions of Lemma [9] follow. 



□ 



4. Case n = deg(F) is odd; ao = 2/(m + 1) for some m = 0,1,2,...; clq ^ 
+ 2 (i+i) f° r an y ? = 0, 1, 2, . . .; Li(a , oi, . . . , a„) = for any < z < n — 2. 

Lemma 10. The spectral radius of k* z : Pic(Z) —> Pic(Z) is the largest real root 
of the polynomial x 2m (x 3 — nx 2 — 2x — 1) + x 2 + x + n. 

Proof. Let Z be the space constructed in Theorem|U Let Hz,E\, Q,P\,..., P n -i+n,E 2 , 
Ro,Ri,...,R m ,Qi,---,Q m be a basis for Pic{Z). Then k* z : Pic(Z) -> Pic(Z) 
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acts as 

n—1 n—1 

k* z (H z ) = (2n+l)H z -nE 1 -{n+l)Q~{n + l)Y,jPj-Y, ( - n2 ~ 1 +3)Pn-i+j 

3=1 3=1 

1 n 

-(n 2 + n- 2) J R„_i+„ - nE 2 - (n + 1)£ Qj - (n + l)i? m , 

i=i 

n—1 n m Til 

k z {Ex) = E 1: k* z (Q) =H Z -E 1 -Q-J2 jPj - (» - 1) £ p n-i+j ~ £ % ~ £ ^ 

&|(Pt,-1-j) = fn-l+j, j = 0, . . . ,U - 2, k* z (P n -i +j ) = Pn-l-j, j = 0, . . . ,n - 2, 

n—1 n m 

k z (P n -i+n-i) = H Z -E 1 -Q-J2(J + l)Pj -nJ^Pn-i+j -E 2 -Y, Qi< 

3=1 3=1 3 = 1 

k* z (P n -i+n) = E 2 + C 2 = Hz — Rm, k* z (E 2 ) = P n -i+ n , 

n—1 n 

k* z (Ro) = Ci = 2H z -E 1 -2Q-Y,jP3-(n-l)Y J Pn-i+3 

3=1 3=1 

m 

— E2 — 2 2^ Qj ~ Pm: 
3 = 1 

kz( R j) = Qj> 3 = 1,2, ...,m, k z (Qj) = Rj-i, j = 1,2, ...,m. 

The spectral radius of k* z can be computed as the greatest real zero of the character- 
istic polynomial of the matrix representation M\ of k* z restricted to {Hz, Q, P n —x+n—i, Pn-i+n, E2 
,R , R m , Qi, ■ ■ ■ , Qm}, which is 

P{x) =-(x- l)x(x + l)[x 2m (x 3 - nx 2 - 2x - 1) + x 2 + x + n}. 

From this the conclusions of Lemma HU1 follow. □ 

5. Case n = deg(F) is odd; ao ^ 2/(m + 1) for any m = 0,1,2,...; a = 
+ 2(i+i) f° r somc I = 0, 1, 2, • • .; Li(a>o, ax,---, a n ) = for any < i < n — 2. 

Lemma 11. The spectral radius of k* z : Pic(Z) — > Pic(Z) is the largest real root 
of the polynomial x 2l+2 {x i — nx 2 — 2x — 1) + nx 2 + x + 1. 

Proof. Let Z be the space constructed in Subcase 2.2 of Lemma [5J Denote 



so = k Yn (ep n ) G E 2 



h = ky (ep n ) 6 Pn-l+n, 



ti = k$ n {ep n ) e Pn-X+n, si = ky^iepn) = e E 2 . 

Let Pn-i+n+i be the exceptional fiber of blowup at ep n , Sj the exceptional fiber of 

blowup at sj, and Tj the exceptional fiber of blowup at tj. Let Hz, E\,Q,Px, ■ ■ ■ , P n -i+ n , -?n-i+n+i 
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So, Si, ... , S m , Ti, . . . , T m be a basis for Pic(Z). In this basis then 

n— 1 n+1 £ / 

3=1 3=1 j=i j=o 

m 

C 2 = P Z — Ei — Q — E 2 — 2^ ^J' 

3=0 

n.— l n+1 Z 

C 3 = 5 z -£?i-Q-X;iP i -(n-l)£p n _i +J --(n-l)X;r il 

3=1 3=1 3=1 

n-l n+1 I I— I 

d = 2H z -E 1 -2Q-J2jPj-{n-l)J2 P n-i+j-E2-{n-l)Y,T j -J2S j -2S n 

3=1 3=1 3=1 3=0 

To justify these formulas note that in the local coordinate for P 2 chosen in Lemma 

El 

d nP 2 = N E2 , c 2 n e 2 = [i] B2) c 3 n p 2 = 0, c 4 n p 2 = [o] £2 . 

Then from the condition imposed on ao, it follows that sq, . . . , s m £ C\ U C 2 U C3, 
while C4 goes through s m = [0]b 2 with multiplicity 1. and sq, . . . , s m -i ^ Cx. Then 
k* z : Pic(Z) -> Pic(Z) acts as 

n-l 



k z (H z ) = (2n+l)H z -nEx-(n+l)Q-(n+l)^2jP j 

3=1 

n-l 

- ^(ti 2 - 1 + j)P„_i +J - {n 2 + n - 2)P„_ 1+n - nP 2 



3=1 

i i-i 
-(n 2 + n - 2) ^ T) - Sj - 2nSi, 
3=1 3=0 

n— 1 n £ 

^(PJ = feJ(Q) =H Z -Ex-Q~Y J 3 Pi - (« - 1) £ P »-!+J ~ ( n ~ X ) E T J< 

3=1 3=1 3=1 

k* z { p n-i-j) = Pn-l+j, J = 0,. ..,n-2, fc|(P„_i +J -) = P n -l_j, i = 0,.. .,71- 2, 

n— 1 n / 

k z (P n -i+n-i) = Hz-Ei-Q-^U + ^Pj-n^Pn-i+j-Ei-^Sj, 

3=1 3=1 3=0 

k*z{Pn-l+n) = E2, fc^(P 2 ) = P n _i_|_„, 

/ 

fe Z (Pn-l+n+l) = Pz — P 2 — Sj, 

3=0 

*4(So) = Pn-l+n+lj k z (Sj) =Tj, j = l,...,l, k* z (Tj) = Sj-x, j = 1, • • • 

The spectral radius of fcj can be computed as the greatest real zero of the character- 
istic polynomial of the matrix representation Mi of k* z restricted to {Hz, Q, P n -x+n—ii Pn-i+n+i, 
So, . . . , Si, Ti, . . . , Ti}. The characteristic polynomial P(x) = det{M\ — xl) of Mi 
is 

P{x) = -[x 2 ' +2 (a; 3 - nx 2 - 2x - 1) + ra 2 + .t + 1]. 
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From this the conclusions of Lemma fTTI follow. □ 
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